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OO 
O 

o 

We show that Casimir energy for a configuration of parallel plates gravitates according to the equivalence principle 
both for the finite and divergent parts. This shows that the latter can be absorbed by a process of rcnormalization. 

o 

1. INTRODUCTION 

^ The subject of Quantum Vacuum Energy (the Casimir effect) dates from the same year as the discovery of 

JL. , renormalized quantum electrodynamics, 1948 It puts the lie to the naive presumption that zero-point energy is not 



U| observable. On the other hand, because of the severe divergence structure of the theory, controversy has surrounded 
it from the beginning. Sharp boundaries give rise to divergences in the local energy density near the surface, which 
may make it impossible to extract meaningful self-energies of single objects, such as the perfectly conducting sphere 
\ considered by Boyer Q]- These objections have recently been most forcefully presented by Graham, Jaffe, et al. [i] 
^— I ' and by Barton 4], but they date back to Deutsch and Candelas 0, Q. In fact, it now appears that these surface 
■ divergences can be dealt with successfully in a process of rcnormalization, and that finite self-energies in the sense 
, of Boyer may be extracted. 

' Gravity couples to the local energy-momentum tensor, and such surface divergences promise serious difficulties. 
y—{ How does the completely finite Casimir interaction energy of a pair of parallel conducting plates, as well as the 
^0 . divergent self-energies of non- ideal plates, couple to gravity? 

. . , For a beginning^of the rcnormalization of Einstein's equations resulting from singular Casimir surface energy 



X 



densities see Ref. 



2. GRAVITATIONAL ACCELERATION OF PARALLEL PLATE CASIMIR APPARATUS 



Brown and Maclay [8| showed that, for parallel perfectly conducting plates separated by a distance a in the 
z-direction, the electromagnetic stress tensor acquires the vacuum expectation value between the plates 

(Tn-^diag(l,-l,-l,3), £, = -^nc. (1) 
Outside the plates the value of (T^'') = 0. 



2.1. Variational Principle 

Now we turn to the question of the gravitational interaction of this Casimir apparatus. It seems this question can 
be most simply addressed through use of the gravitational definition of the energy-momentum tensor, 



2 / ^ 2 
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For a weak field, = r;^,^ + 2/1^^, (Schwinger's definition of h^i,). Since the gravitational field is weak, we can 
ignore \J—g. The change in the gravitational energy, for a static situation, is therefore given by (bW — — J dt SE) 

5Eg^- Jidx)dh^,T''''. (3) 

If we replace T'^" by (T'^") in ([1]), we obtain an expression which is not gauge invariant, that is, which is dependent 
on the coordinate system chosen, because d,y{T^'^) on the plates. To obtain a physically meaningful result, we 
must adopt an interial coordinate system, which corresponds to the use of the Fermi metric: 

^00 = -gz, hoi = /ly = 0. (4) 

Here, the Cartesian coordinate system attached to the earth is {x, y, z), where z is the direction of — g. The Cartesian 
coordinates associated with the Casimir apparatus (plate separation a, length L) are (Cj??, x): where C is normal to 
the plates, and 1] and x are parallel to the plates. The angle between ( and z is arbitrary. 

Now let the apparatus be rigidly displaced by an amount Sz, a constant. Then we see that the gravitational force 
per area A = on the apparatus is independent of orientation: 

a small upward push. This is exactly what the equivalence principle would predict. Thus the total energy of the 
Casimir apparatus, consisting of the mass M of the plates plus the Casimir energy, undergoes the same acceleration, 

^total = -.9(X+fc), (6) 

where the mass per area of the plates is = AI/A. For more details, see Ref. Q. 



3. HYPERBOLIC MOTION 

Relativistically, uniform acceleration 1/^ is described by hyperbolic motion 

t ^ ^ sinh T, z = ^ cosh r, 

which corresponds to the metric 

df - dz^ - dx\ = C^dr^ - _ ^3,2^ _ 
The d'Alembertian operator has in these coordinates a cylindrical form 



d 



dz 



1 



d 
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(7) 



(8) 



(9) 



In this section we will consider the Casimir energy due to parallel semitransparent plates. Such a plate is described 
by a ^-function potential, Vi = Xi6{^ — Ci), if the plate is perpendicular to the ^ direction. Note that in the limit 
A — > cxD such a potential imposes a Dirichlet boundary condition on a scalar field. For two semitransparent plates, at 
^1 and ^2, respectively, the Green's function can be written as 

duj d^k 



G{x,x') 



where the reduced Green's function satisfies 



27r (2ttY 



''(•^-'^')g«k-(r-r'; 



1 d 
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(10) 



(11) 



which we recognize as just the parallel semitransparent cylinder problem with m ( = —iuj and k ~f k. 
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3.1. Energy-Momentum Tensor 

The canonical energy-momentum for a scalar field is given by 

T^u = 9^09,0 + ffM-^ y='C, (12) 

where the Lagrange density includes the (5-function potentials. Using the equations of motion, we find for the energy 
density. 



To„ = -^^j - 2^^0+1^ ^^C^^j+yV,.(0V,0). (13) 



Here {T^^) follows from ((/)(a;)(/)(y)) = \G{x,y). 
The force density is given by 



h - --La,(V^r^) + \T^-dxg^.u. (14) 



so the gravitational force/area on the system is 

^-JdUh = -J^Too = Jd^^J^C'g{^,0 iC-CO; (15) 
g is given in terms of modified Bessel functions. 

3.2. Flat-space Limit for 2 Parallel Plates 

In the weak acceleration limit, ^ — > oo, the Green's function corresponding to two parallel plates, following from 
([TT|) . reduces to exactly the expected result, for example, for < < ^2 



65(c,n-^e-«i«-«'i + -^ 



^2cosh«(e + e-«(«+«'^26) _ ^ ("i + ^ ) ,.(C+C'-26) 



where = /c^ + and 



4k2 ^ ' 2k V 2k / 2k V 2k 



(16) 



3.3. Explicit Force on 2-plate Apparatus 

If we now use (jlSp . and take the ^ — > 00 limit, we find the following form for the gravitational force on the vacuum 
energy of the apparatus: 



1 poo 1 I 3_ 



00 



1 



T^ + 1 r^ + 1 

Aia A2a 



= -(£c + fdi+fd2), (18) 

which is just the negative of the Casimir energy of the two semitransparent plates, including divergent parts £di 
associated with each plate. The divergent terms simply renormalize the bare mass/area uii of each plate: 

-Etotai =mi+ m2 + £di + £d2 + £c = Mi + M2 + £c, (19) 

and thus the gravitational force on the entire apparatus obeys the equivalence principle [lo| 

ff^totai = -g{Mi +M2 + £c)- (20) 
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4. CENTRIPETAL ACCELERATION 

A Casimir apparatus undergoing centripetal acceleration {.r « 1) also can be shown to experience the 
expected acceleration, in terms of rcM, the center of energy of the entire renormalized system, 

F = -u;^ [ d^xrf°{r) = ~uj^rcM{mi + mz + Eai + Ed2 + E^). (21) 



5. CONCLUSIONS 

We have demonstrated that Casimir energy gravitates just like any other form of energy, J- = —g£c- This 
result, obtained by a variational calculation, is independent of the orientation of the Casimir apparatus relative 
to the gravitational field. Although there was a certain period of confusion [l^, there now seems to be complete 



agreement on this result [13|. Although gravitational energies have a certain ill-defined character, being gauge- or 
coordinate- variant, this result is obtained for a Fermi observer, the relativistic generalization of an inertial observer. 
This conclusion is supported by an explicit calculation in Rindler coordinates, describing a uniformly accelerated 
observer. This demonstrates, quite generally, that the total Casimir energy, including the divergent parts, which 
renormalize the masses of the plates, possesses the gravitational mass demanded by the equivalence principle. (For 



earlier work on the finite part only, see Ref. 1J|.) The inertial properties of Casimir energies further are confirmed 



by considering centripetal acceleration. We hope to consider the acceleration of a Boyer sphere in the near future. 
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